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Currently there is significant activity in applied physics and engineering sciences focused on elaborating and optimizing the performance characteristics of nanomaterials. These studies are driven by the need to fulfil the demands for high-efficiency performance and compact design of devices in numerous sectors including aerospace, mechanical, chemical, energy systems and biomedical engineering.
Improving effective microsystem cooling designs is central to these initiatives. One subset of nanomaterials, nanofluids have stimulated substantial attention. Nanofluids [1] achieve demonstrably greater effective thermal conductivities and convective heat transfer coefficients as compared with conventional base fluids (e.g. air and water). Nanofluids are synthesized by suspending nanoparticles which may be metallic (Al, Cu, Al 2 O 3 , SiC, AlN, SiN) or non-metallic (graphite, carbon nanotubes) in base fluids. Applications of nanofluids are growing in increasingly rich and diverse technologies including anti-bacterial systems, cancer therapy, solar cell enhancement and coolants for propulsion and lubrication designs [2] [3] [4] [5] . Nanofluid convective heat transfer and other thermal characteristics have been recently reviewed by Tripathi and Bég [6] for application in pharmacology, Kleinstreuer and Xu [7] for microchannels, Sadeghi et al. [8] for circular tubes fitted with helical inserts, Vajjha et al. [9] for turbulent flows, Shin and Banerjee [10] for nano-materials processing, Huminic and Huminic [11] for curve tube and Mahian et al. [12] for entropy generation minimization. Numerous numerical and theoretical studies of nanofluid transport have also been communicated which have elaborated in detail the improved thermal performance achieved with such fluids. Rana et al. [13] employed a finite element algorithm to investigate nonlinear viscoelastic nanofluid flow from an extending sheet with deformation effects.
Tripathi et al. [14] studied analytically the transient peristaltic diffusion of nanofluids in tapered channels. Basir et al. [15] examined multiple slip effects in nanofluid enrobing flow from an extending cylindrical body with Maple software. Hamad and Ferdows [16] studied heat sink/source and wall transpiration effects on stagnation point nanofluid flow from a stretching sheet. Akbar et al. [17] addressed theoretically the cilia-driven propulsion of CNT nanofluids in porous media with entropy generation effects. Magnetic nanofluids have also drawn significant interest in applied mathematical modelling in recent years. In such flows the nano-particles response to the imposition of externally imposed magnetic fields and the nanofluids are electrically-conducting [18] .
Representative studies of magnetohydrodynamic nanofluid simulation include Noreen et al. [19] who studied magnetic nanofluid peristaltic flow in a curved channel with induction effects. Bég et al. [20] used the Tiwari-Das nanofluid model to study Marangoni-driven hydromagnetic nonisothermal nanofluid flow, examining silver, copper, aluminium oxide and titanium oxide nanoparticles and also considering magnetic induction effects. They observed that the flow and magnetic induction function are depressed with greater nanofluid solid volume fraction, whereas temperatures are increased. Akbar et al. [21] investigated the magnetic peristaltic transport of carbon nanotube nanofluids in a permeable channel, specifically addressing induction and heat flux effects. Shehzad et al. [22] evaluated the influence of boundary convective heat and concentration conditions in magnetohydrodynamic flow of non-Newtonian nanofluids, observing that temperature and nanoparticle concentrations are increased with greater Biot numbers whereas the flow is retarded with greater magnetic field.
A special sub-category of boundary layer flows known as "Sakiadis flows" [23] are concerned with transport from a stretching surface. This type of flow is fundamental to materials processing systems, chemical and process engineering operations (polymer synthesis). Consequently a wide variety of problems dealing with heat and fluid flow over a stretching sheet have been studied with both Newtonian and non-Newtonian fluids with applications in extrusion, melt-spinning, hot rolling, wire drawing, glass-fiber production, manufacture of plastic and rubber sheets, cooling of a large metallic plate in a bath and so on. Gupta and Gupta [24] considered the case where the stretching sheet is subjected to a constant mass flux and emphasized that a stretching sheet may not always conform to the linear speed assumed by them. Wang Rana and Bhargava [34] used a variational finite element code to simulate heat and mass transfer in nanofluids from a non-linear stretching sheet. Further studies include Hamad [35] , Uddin et al. [36] who considered also a shrinking sheet and Navier slip, Khan et al. [37] who examined oblique magnetized radiative stagnation point stretching sheet flow, Uddin et al. [38] , Mabood et al. [39] and Uddin et al. [40] . These analyses all confirmed the thermally-enhancing properties of nanofluids.
The above studies have generally neglected viscosity variation in nanofluids, a feature that may be of critical importance in materials processing. In the present article, we therefore consider magnetohydrodynamic boundary layer convection of temperature-dependent viscous nanofluids controlled from a stretching sheet with multiple (thermal and species) buoyancy effects. An efficient numerical technique, Runge-Kutta fourth order quadrature [41] is employed to determine numerical solutions for the dimensionless boundary value problem. Verification of the solutions is achieved with the Nakamura tridiagonal finite difference method [42] . The influence of key nanoscale, magnetic, geometric and thermofluid parameters on the heat, momentum and mass transfer characteristics is evaluated.
MATHEMATICAL MAGNETIC VARIABLE-VISCOSITY NANOFLUID MODEL
The regime under investigation is illustrated in Fig. 1 . Two-dimensional, steady-state, incompressible flow of an electrically-conducting nanofluid from a vertical stretching sheet is considered, with reference to an (x,y) coordinate system, where the x-axis is aligned with the sheet. A transverse static uniform strength magnetic field is applied, which is sufficiently weak to negate magnetic induction and Hall current effects. The nanofluid is dilute and comprises a homogenous suspension of equallysized nanoparticles in thermal equilibrium. The sheet is stretched in the plane 0 y  . The flow is assumed to be confined to 0 y  . Here we assumed that the sheet is uniformly extended with the linear velocity () u x ax  , where 0 a  is constant and the x-axis is measured along the stretching surface.
Under these assumptions, the governing conservation equations for mass, momentum, energy (heat) and nano-particle species diffusion (concentration) conservation, neglecting viscous and Joule dissipation effects, may be shown to take the form: The boundary conditions are prescribed as follows:
,
To facilitate numerical solutions to the primitive boundary value problem, it is pertinent to introduce the following similarity transformations and dimensionless variables:
To simulate temperature-dependent viscosity variation, we adopt the robust Reynolds exponential viscosity model [43] which provides an accurate approach:
where  is the viscosity parameter.
Implementing eqns. (7, 8) in the conservation eqns. (1) to (6) , the following nonlinear, coupled system of self-similar ordinary differential equations emerges:
The transformed boundary conditions assume the form:
where primes denote differentiation with respect to  i.e. the transformed transverse coordinate.
Furthermore the following dimensionless numbers invoked in eqns. (9)-(11) are defined as follows:
These represent respectively the square of the Hartmann magnetic body force number, local Reynolds number, local thermal Grashof number (ratio of thermal buoyancy force to viscous force) thermal buoyancy ratio parameter, Prandtl number, Brownian motion parameter, thermophoresis parameter, Schmidt number (defined as the product of Prandtl and Lewis numbers), local solutal (species) Grashof number (ratio of nano-particle concentration buoyancy force to viscous force), and species buoyancy ratio parameter. Expressions for the skin friction coefficient (wall shear stress function), local Nusselt number (wall heat transfer rate) and the local Sherwood number (wall nano-particle mass transfer rate) may also be defined as follows:
NUMERICAL SOLUTIONS OF TRANSFORMED EQUATIONS AND VALIDATION
The nonlinear ordinary differential equations (9) Bég [46] . Computations are performed on an SGI Octane Desk workstation with dual processors and take seconds for compilation. As with other difference schemes, a reduction in the higher order differential equations, is also fundamental to Nakamura's method. The method has been employed successfully to simulate many sophisticated nonlinear transport phenomena problems e.g.
magnetized bio-rheological coating flows (Bég et al. [47] ). Intrinsic to this method is the discretization of the flow regime using an equi-spaced finite difference mesh in the transformed coordinate (). The partial derivatives for f, ,  with respect to  are evaluated by central difference approximations. An iteration loop based on the method of successive substitution is utilized to advance the solution i.e. march along the domain. The finite difference discretized equations are solved in a step-by-step fashion on the -domain. For the energy and nano-particle species conservation Eqns. (10) -(11) which are second order multi-degree ordinary differential equations, only a direct substitution is needed. However a reduction is required for the third order momentum Eqn. (9) . We apply the following substitutions:
The ODEs (9)-(11) then retract to: Nakamura momentum equation:
Nakamura energy equation:
Nakamura nano-particle species equation: (12) are also easily transformed. The iterative process is assumed to attain a convergent solution when the following condition is satisfied ( denotes a general variable, n and n-1 are adjacent nodes): 16 10
Further details of the NTM approach are provided in Nakamura [48] and Bég [49] . Comparisons with the RK quadrature solutions are documented in Tables 1-4 for skin friction i.e.
and Nusselt number i.e. wall heat transfer rate,
, respectively. Generally very close correlation is obtained between RK shooting quadrature (RK) and the Nakamura finite difference (NFD) method over a range of magnetic (M), thermal Grashof number (Gr) and species Grashof numbers (Br). Confidence in the RK45 numerical solutions is therefore justifiably high. In section 4 all graphical plots are generated with RK numerical quadrature solutions. Table 1 indicates that for the non-magnetic case (M = 0), with increasing thermal Grashof number the skin friction is reduced whereas with increasing species Grashof number it is enhanced. Table 2 shows that with magnetic body force present (M = 1 implies viscous and magnetic drag forces are equal), increasing thermal Grashof number strongly reduces the skin friction whereas increasing species Grashof number weakly increases skin friction. Tables 3 and 4 show that for both the non-magnetic (M = 0) and (M = 1) magnetic cases, Nusselt number is increased with both increasing thermal Grashof number increasing species Grashof number it is enhanced. However thermal Grashof number exerts a more significant impact than species Grashof number.
RESULTS AND DISCUSSION
Extensive graphical plots obtained with RK quadrature are presented in Figs. 2-10 , for the variation of velocity, temperature, nano-particle concentration, skin friction coefficient, Nusselt number and streamline distributions with selected thermophysical parameters. (plotted as dotted lines). It is apparent that the temperature responds in a very different fashion to velocity i.e. it is significantly enhanced with an increase in viscosity parameter. As such the thermal boundary layer thickness in the nanofluid sheet will also be increased. In fig.3a , the effect of increasing Hartmann number is to substantially enhance temperatures. Greater magnetic field therefore heats the boundary layer regime. The supplementary work expended in dragging the nanofluid against the inhibiting action of the magnetic field is dissipated as thermal energy i.e. heat. This elevates thermal boundary layer thickness. This pattern has been computed by many other researchers for both nanofluid magnetohydrodynamics [51] and also classical viscous Newtonian magnetohydrodynamics [52] . Figs. 3b and fig 4a, demonstrate that with increasing thermal Grashof number (Gr) and species Grashof number (Br), temperature magnitudes are both decreased significantly. Greater thermal and species buoyancy forces therefore inhibit thermal diffusion in the boundary layer whereas they enhance momentum diffusion.
Increasing both Grashof numbers decreases the thermal boundary layer thickness significantly. In fig4b, the effect of increasing thermophoresis parameter (Nt) is to elevate markdely the temperature values throughout the boundary layer transverse to the wall. Thermophoresis is associated with the global influence of averaged Brownian motion of particles under a steady temperature gradient. In hotter zones of the boundary layer, there are enhanced molecular impulses which cause a migration of nano-particles towards cooler zones where weaker molecular impulses are present. This energizes the nanofluid and results in an increase in temperatures, as elaborated by Giddings et al. [53] . Further corroboration of the trends computed in Fig. 4b is to be found in the work of Parola and Piazza [54] . Similar observations have also recently been made by Uddin et al. [55] . The thermophoretic effect is therefore considerable (Nt arises in both the energy conservation and species concentration equations (10) and 911)) and is in fact more pronounced at higher values of viscosity parameter (). In all the plots shown in figs. 3 and 4 asymptotically smooth convergence of solutions is achieved in the free stream confirming that an adequately large infinity boundary condition has been used in the Runge-Kutta numerical code. fig. 6a with an increase in thermophoresis parameter. A weak reduction is also computed with increasing viscosity parameter. However further from the wall, the reverse trend is computed. Peak concentration arises at intermediate distance form the wall (sheet). A substantial elevation in nano-particle concentration is induced with greater thermophoresis effect and an increase in viscosity parameter also boosts concentrations. This pattern is susatined into the free stream. Fig. 5b reveals that increasing viscosity has a similar effect i.e. enhances nano-particle concentrations further from the wall into the free stream. However an increase in Brownian motion parameter, Nb, generates the opposite effect to thermophoresis parameter, Nt (in fig. 5a ).
Concentration magnitudes are enhanced at and near the wall whereas they are depressed further from the wall with increasing Nb values. Physically larger Nb values correspond to smaller nanoparticle sies. This encourages thermal conduction and macro-convection as elaborated by
Buonjiornio [56] and nano-particle species diffusion in the main body of the nanofluid i.e. further from the wall. The dominant influence of greater Nt values is therefore to enhance the nano-particle concentration boundary layer thickness whereas greater Nb values decrease nano-particle concentration boundary layer thickness. fig. 6a ), momentum duffuses faster than heat. This via coupling of the momentum, energy and nano-particle species equations, indirectly influences the diffusion of nano-particles. In fig. 6a the Schmidt number is fixed at Sc = 10
Figs
implying that the momentum diffusivity is ten times that of the species diffusivity. Generally lower Prandtl number fluids attain greater nano-particle concentration boundary layer thicknesses.
Similarly in fig. 6b an increase in Schmidt number is found to strongly depress () values.
Maximum nano-particle concentration is therefore associated with the lowest value of Schmidt fig. 7a that the magnitude of skin friction is significantly elevated with increasing the magnetic field at all values of viscosity parameter.
However skin friction is strongly depressed with increasing viscosity parameter. Conversely skin friction Re x 1/2 C f ) is markdely enhanced with an increase in species Grashof number (Br). In other words greater nano-particle species buoyancy force markedly accelerates the flow significantly. Fig.   7b also confirms that skin friction is strongly increased with greater Hartmann magnetic number (M) whereas it is substantially reduced with greater viscosity parameter (). With an increase in thermal Grashof number (Gr), skin friction is also significantly elevated, confirming that greater thermal buoyancy force accelerates the boundary layer flow. Thermal buoyancy therefore aids considerably in momentum development.   , respectively. It is observed the the gaps between stream lines increase with increasing the magnitude of viscosity parameter.There is also a dis-intensification in the streamline plot at the upper right hand corner with greater viscosity.
Figs. 8a,b present the variation in
Viscosity therefore substantially modifies the fluid dynamics of the stretching sheet regime.
CONCLUSIONS
Magnetohydrodynamic transport of an electrically-conducting, variable-viscosity, water-based nanofluid over a stretching sheet has been investigated theoretically. The Reynolds exponential temperature-dependent viscosity model has been adopted. Both thermal and species (nano-particle) 6) Increasing thermophoresis parameter enhances temperature, nano-particle concentration and thermal boundary layer thickness and nano-particle concentration boundary layer thickness whereas it decreases Nusselt number.
7)
Increasing Brownian motion parameter decreases nano-particle concentration magnitudes and also concentration boundary layer thickness.
8) Increasing Prandtl number and Schmidt generally enhances nano-particle concentration.
9) Increasing thermophoresis parameter strongly reduces Nusselt number whereas increasing
Brownian motion parameter weakly reduces Nusselt number.
The present study has neglected rotational (Centrifugal body force) effects [57] . These will be considered in the future.
